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A function f from R2 to R is said to be feebly continuous at a point (x, y) if there exist
sequences xn ↘ x and yn ↘ y with limn→∞ limm→∞ f (xn, ym) = f (x, y). Dales asked if
every function has a point of feeble continuity. Our aim in this short note is to show that
(assuming the Continuum Hypothesis) the answer is ‘no’. Dales also asked what happens
for functions taking only two values: we show that in this case the answer is ‘yes’.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Motivated by some questions on Arens regularity of Banach algebras, Dales [3] introduced the following deﬁnitions
concerning real-valued functions on the line and the plane. A function f from R to R is said to be feebly continuous at a
point x if there exists a sequence xn ↘ x with f (xn) → f (x) as n → ∞. And a function f from R2 to R is said to be feebly
continuous at a point (x, y) if there exist sequences xn ↘ x and yn ↘ y with limn→∞ limm→∞ f (xn, ym) = f (x, y).
(Dales actually made his deﬁnition for bounded functions, deﬁned on the positive reals or the positive quadrant, but
since we can always replace R with (0,1) this does not affect any properties. Also, it turns out not to matter if we allow
the sequences xn and ym to be non-monotone. For details of the Banach algebras background, see [4] or [2].)
As Dales [3] points out, every function f from R to R has a point of feeble continuity, and in fact is feebly continuous at
all but a countable set of points. Indeed, if f is not feebly continuous at x then there is an open interval (px,qx) (with px
and qx rational) containing f (x) and a positive tx such that on the open interval (x, x + tx) the function f does not take
any value in (px,qx). For ﬁxed rationals p and q, it follows that if reals x and x′ have (px,qx) = (px′ ,qx′ ) = (p,q) and satisfy
tx, tx′  δ then |x − x′|  δ, whence the set of those x with (px,qx) = (p,q) and tx  δ is countable. Thus the set of all
points x where f is not feebly continuous is countable, being a countable union of countable sets.
What happens for functions on the plane? Dales [3] asked if every function from R2 to R is feebly continuous at
some point. In Section 2, we show that the answer is negative, assuming CH (the Continuum Hypothesis). Dales also asked
what happens for functions taking only two values. Here it turns out that every such function does have a point of feeble
continuity. In Section 3 we give two proofs: one is a focusing argument based on the Baumgartner–Hajnal theorem [1], and
the other uses a beautiful unpublished theorem of Schipperus [5], which in fact deals with the case of ﬁnite images.
Let us remark brieﬂy on an alternative notion. The deﬁnition given above turns out to be the right one for the Banach
algebra applications that Dales and Dedania had in mind. However, another natural deﬁnition would allow the sequence
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2630 I. Leader / Topology and its Applications 156 (2009) 2629–2631(ym)∞m=0 to depend on xn . Thus we might call a function f from R2 to R very feebly continuous at (x, y) if there exists a
sequence xn ↘ x and, for each n, a sequence y(n)m ↘ y with
lim
n→∞ limm→∞ f
(
xn, y
(n)
m
) = f (x, y).
With this deﬁnition, a Baire category argument shows that every f has a point of very feeble continuity. Indeed, if f
is not very feebly continuous at the point z = (x, y) then there exists some interval (p,q) containing f (z) (and we may
assume that p and q are rational) and some positive real t and positive reals rs , one for each s ∈ (0, t), such that f takes no
value in (p,q) on the set {(x + a, y + b): 0 < a < t, 0 < b < ra}. In this case let us say that z is of type (p,q), and let Sp,q
denote the set of all points of type (p,q).
Now suppose that f is nowhere very feebly continuous. For each real x, if we consider the ‘column’ {(x, y): y ∈ R},
we see by Baire that some set Sp,q is dense in some interval in this column. Thus for each x there exist p,q and u, v (all
rational) such that Sp,q is dense in the set {(x, y): u < y < v}. Applying Baire again, we ﬁnd a set of values of x dense in
some interval, say (e, f ), all with the same values of p,q,u, v . But now let us choose any point (x, y) of type (p,q) inside
the rectangle (e, f )× (u, v). Then the set of points guaranteed (by (x, y) having type (p,q)) to take no value in (p,q) must
meet Sp,q , which is a contradiction.
Finally, let us mention a problem that remains open. What happens in the special case where our function f (deﬁned
say on the positive quadrant) has the special form given by
f (x, y) = w(x+ y)/w(x)w(y),
where w is a map from (0,∞) to itself? Is each such function feebly continuous somewhere? In particular, consider the
case where w is a weight on (0,∞), meaning that w(x + y) w(x)w(y) for all x and y. This question arose in the work
of Dales and Dedania [4] in connection with the open problem of whether or not there is an ‘Arens regular’ weight on the
semigroup ((0,∞),+); for terminology and background see [4].
2. A function that is nowhere feebly continuous
The above proof for very feeble continuity does not, unfortunately, extend to a proof for feeble continuity. However,
it does suggest that, to look for a counterexample, it is sensible to consider functions that ‘vary a lot’ between different
columns, in the sense that their behaviour in one column should be quite different from their behaviour in any other
column. This is what motivates the following construction.
Theorem 1. Assume CH. Then there is a function from R2 to R that is nowhere feebly continuous.
Proof. Biject the reals with ω1: thus we may write R as {xα: α < ω1}. For each α < ω1, let the set {xβ : β < α} be
enumerated as x(α)1 , x
(α)
2 , . . . . Now deﬁne f as follows. We set f (x, x) = 0 for all x. For (x, y) with x = y, write {x, y} =
{xα, xβ}, where α > β , so that xβ = x(α)n for some n. Then we set f (x, y) = n if x > y and f (x, y) = −n if x < y.
Then we cannot ﬁnd distinct reals a,b, c,d with f (a, c), f (a,d), f (b, c), f (b,d) all taking the same value. Indeed, if say
a has the greatest index of any of a,b, c,d (where the index of xα is α), then it is easy to see that f (a, c) and f (a,d)
cannot have the same value. It follows that there is certainly no point of feeble continuity of f . For if f were feebly con-
tinuous at (x, y) then, choosing sequences (xn)∞n=0, (ym)∞m=0 as in the deﬁnition, we would have f (xn, ym) = f (xn, ym+1) =
f (xn+1, ym) = f (xn+1, ym+1) = f (x, y) for n and m suﬃciently large. 
We do not know whether or not such a construction can be carried out if one does not assume CH.
3. Functions taking only two values
In this section we will show that every function f on R2 that takes only two values is feebly continuous somewhere.
First we show how to prove it from the Baumgartner–Hajnal theorem, and then we also show why it may be read more or
less instantly out of a ‘topological’ version of the Baumgartner–Hajnal theorem due to Schipperus.
Theorem 2. Every function f from R2 to R that takes only two values has a point of feeble continuity.
Proof. Our task is as follows. We are given a 2-colouring c of R2, say with colours red and blue, and want to ﬁnd a point
(x, y) and a sequence xn tending down to x and a sequence ym tending down to y such that all points (xn, ym), where say
m > n, have the same colour, and also (x, y) has that colour.
We induce a colouring of R(2) , the edges of the complete graph on the reals, by giving the pair {x, y} (where x < y) the
colour c(x, y). Now, the Baumgartner–Hajnal theorem [1] states that, when the edges of the complete graph on the reals
are ﬁnitely coloured, there is a monochromatic set of order-type α, for any countable ordinal α. Applying this ‘backwards’
(i.e. for the reals with their order reversed) for the ordinal ω2 + 1, we obtain reals xij , where i and j vary over the natural
numbers, such that the following conditions hold.
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B) The family of all xij is bounded below.
C) All points (xij, xkl) (any i, j,k, l with i < k or else i = k and j < l) have the same colour, say red.
For each i, let yi be the limit of (xij)∞j=1. If any point (yi, yk) with i < k is red, then we are done: we take the point
(yi, yk) and the points (xij, xkl) as j and l vary. So we may assume that all points (yi, yk) with i < k are blue.
But now let y be the limit of (yi)∞i=0. What colour is (y, y)? If it is blue, we are done, using (y, y) and the points (yi, yk)
as i and k vary. And if is red, we are also done, using (y, y) and the points (xii, xkk) as i and k vary. 
Strangely, the above proof does not generalise to more than 2 colours. This is because we cannot ‘iterate’ the
Baumgartner–Hajnal theorem: once we have eliminated one colour, by passing to the limit points (as we eliminated red
by passing to the yi above), we cannot now repeat the argument, as we are now living only on a countable ordinal, not on
the whole of the reals.
However, there is a ‘topological’ version of the Baumgartner–Hajnal theorem, due to Schipperus [5]. It states that, in the
Baumgartner–Hajnal theorem, we may assume that the monochromatic set is closed (say for order-types that are successors).
Using this, one can read off Theorem 2 for any ﬁnite number of colours.
Theorem 3. Every function f from R2 to R that takes only ﬁnitely many values has a point of feeble continuity.
Proof. We are given a ﬁnite colouring of R2. Proceeding as in the proof of Theorem 2, but using Schipperus’s theorem for
the ordinal ω · 2+ 1 in place of the Baumgartner–Hajnal theorem for the ordinal ω2 + 1, we obtain reals {xα: α < ω · 2+ 1}
with the following properties.
A) The sequences (xn)∞n=0 and (xω+n)∞n=0 satisfy xn ↘ xω and xω+n ↘ xω+ω .
B) All points (xα, xβ) (α < β) have the same colour.
It follows that (xω, xω+ω) is a point of feeble continuity. 
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